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Abstract 

chase  space  displacement  is  investiqated  as  a  method  of  reducinq  enerav  spread  in  free 
electron  lasers  producing  lona-wave length  radiation  ( ~  1  mm)  at  hioh  laser  intensity  (~  107- 

o  j 

10  w/em  ) .  The  technique  is  described  and  compared  with  the  more  conventional  tapered 
wiaaler  that  traps  electrons  in  deceleratinq  phase  space  buckets.  A  band  model  is  developed 
to  describe  the  movement  of  electrons  around  the  phase  space  buckets  and  estimate  the 
resultinq  enerav  spread.  The  enerqrv  spread  obtained  from  the  band  model  is  compared  with 
that  obtained  from  a  multioarticle  computer  simulation.  Laser  gain  obtained  by  bucket 
capture  is  found  to  be  comparable  to  qain  obtained  by  phase  space  displacement  at  hiqh 
intensities  but  energy  spread  is  a  factor  of  a  few  lower. 

Introduction 

KMS  Fusion,  Inc.  is  plannina  to  participate  in  a  two-stage  FFL  experiment  to  be  performed 
at  The  Hniversitv  of  California  .Santa  Barbara  (trcsn)  using  the  TJCSB  recirculating  electro¬ 
static  accelerator1.  To  obtain  adequate  gain  to  sustain  oscillation  in  the  short-wavelength 
second  staae  of  the  FFt,,  a  hiqh- intensity  long-wavelenqth  pump  field  is  needed.  This  lonq- 
wavelenoth  pump  field  is  produced  bv  the  first  staee  FFL  interaction.  For  the  available 
current  and  anticipated  cavitv  losses  in  the  experiment,  a  pump  field  intensity  on  the  order 

p  7 

of  10  w/ cm  will  be  needed  to  produce  laser  oscillations  in  the  second  stage. 

For  this  hiqh  pump  field  intensity,  a  larqe  enerav  spread  will  be  produced  in  the 
electron  beam  as  it  passes  through  the  wigqler  magnet.  If  it  is  required  to  collect  the 
electron  beam  with  high  efficiency  after  it  leaves  the  wigqler,  this  energy  spread  could 
represent  a  serious  problem.  The  return  beam  line  and  electron  collector  in  the  electro¬ 
static  accelerator  must  be  designed  to  handle  the  energy  spread.  The  wigqler  used  to 
produce  the  hiqh  intensity  field  must  also  be  designed  to  minimise  the  energy  spread 
produced . 

In  this  paper  we  will  investigate  an  amplifier  design  that  minimises  energy  spread  at 
hiqh  laser  intensity  using  phase  specs  displacement.  We  will  compare  phase  space  displace¬ 
ment  to  the  standard  bucket  capture  technique  for  gain  optimisation.  The  analysis  will  show 
that  at  high  intensities  coatparable  qain  can  be  produced  using  either  method,  but  that  a 
lower  energy  spread  results  from  phase  space  displacement. 


spread  produced 


bucket  capture 


The  bucket  formed  by  tbe  ponderomotive  wave  can  be  obtained  from  the  equations  of  motion 
for  an  electron  in  an  ffl2.  For  an  electron  with  an  energy  near  the  resonant  enerav 
( y  -  y„  <  <  r„)*  approximate  equations  of  motion  for  the  electron  are 
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the  phase  angle  of  the  electron  relative  to  the  ponderomotive  wave. 

and  a, 

and  ay,  represent  the  dimensionless  amplitudes  of  the  vector  ootentiala  for  the  laser  and 
wiggler  fields  respectively,  the  wave  numbers  for  the  laser  and  wiqaler  fields  are  k_  and 
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vliminating  the  time  differential  and  integrating  over  i  ,  wo  get 
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we  now  choose  the  value  of  the  integration  constant  K  to  give  the  maximum  bound  orbit  in 
the  region  •*<!<«.  This  defines  the  phase  space  bucket.  For  a  positive  resonant 
anqle  Tp/  the  bucket  equation  is 

P  -/jp  (cos  T  ♦  cos  lp  (1  ♦  -  n)  sin  Fr}  t  0  4  *  2  (8) 


The  half  bucket  height  is  obtained  at  (t  •  fR)  .  It  is  proportional  to  the  square  root 
of  the  laser  field  amplitude.  The  electron  energy  spread  will  be  at  least  as  large  as  the 
full  bucket  height  when  the  electrons  in  the  bucket  execute  a  synchrotron  oscillation  in  the 
wiggler.  When  a  number  of  synchrotron  oscillations  take  place  in  the  wigqler,  the  untrapped 
electrons  drift  away  from  the  bucket.  The  synchrotron  oscillation  frequency  is  also  propor¬ 
tional  to  the  square  root  of  the  laser  field  amplitids.  Figure  1  shows  the  half  bucket 
height  for  a  wigqler  with  i  1  M  field  on  axis  plotted  against  laser  intensity  for  xero 

resonant  nhase  and  a  radiation  wavelenqth  of  1  ran.  For  a  3  MsV  electron  beam  the  full 
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bucket  height  at  an  intensity  of  ~  10  w/cm  ,  is  about  20%  of  the  electron  energy.  It 
would  be  difficult  to  transport  an  electron  beam  with  such  a  large  energy  spread  without 
large  losses3. 
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vioure  1.  Half  bucket  heiaht  as  a  function  of  laser  intensitv  for  an  PEL  producin'*  1-nan 
radiation. 

Phase  space  displacement 

Tn  contrast  to  bucket  capture,  phase  space  displacement  requires  an  empty  bucket.  The 
emotv  bucket  can  he  accelerated  throuah  the  electron  distribution  in  phase  space  usino  a 
reverse-taoered  wiggler.  Tn  a  reverse-tapered  wiggler,  the  resonant  phase  of  the  bucket  is 
negative  and  is  in  the  range  between  0  and  -  j.  Electrons  going  around  the  bucket  give  up 
energy  to  the  laser  beam.  None  of  the  electrons  are  trapped  in  the  bucket.  Alternatively, 
the  wiggler  taper  could  be  replaced  by  an  equivalent  decelerating  axial  electric  field.  The 
electron  beam,  which  is  initially  above  the  bucket,  would  then  be  decelerated  around  the 
stationary  empty  bucket  by  the  axial  electric  field,  again  transferring  energy  to  the  laser 
beam. 

kroll,  worton  and  aosenbluth*  first  considered  the  application  of  phase  space  displace¬ 
ment  to  the  TEL.  Tn  their  neoer,  the  energy  spread  of  the  incoming  electron  beam  was 
assumed  to  be  much  larger  than  the  bucket  produced  by  the  oonderomotive  wave.  In  our  case 
the  initial  enerov  spread  of  the  electron  beam  relative  to  the  bucket  height  is  negligible. 

Tn  order  to  move  all  of  the  electrona  in  the  distribution  around  the  bucket,  a  minimum 

number  of  synchrotron  oscillations  must  taka  place  in  the  wiggler.  Since  the  synchrotron 

oscillation  freouencv  is  proportional  to  the  square  root  of  both  the  leser  field  amplitude 

and  the  wiggler  magnetic  field,  a  high  laser  intensity  is  required.  Tor  a  3  Mev  electron 

6,1 

beam  and  1  kd  wigoler  field  on  axis,  we  need  a  laser  intensity  of  at  least  4  x  10  w/cm  to 
enable  all  the  electrons  in  the  distribution  to  move  below  the  bucket  in  a  3-meter-long 
wiggler  designed  to  produce  1-bsb  radiation. 


Higher  order  seoaratrlces  as  extensions  of  the  bucket 

To  help  understanding  how  electrons  move  around  the  bucket  we  use  the  concept  of  higher 
order  seoaratrlces.  Higher  order  separatrices  are  an  extension  of  the  bucket  trajectory  to 
phase  ancles  outside  the  range  occupied  by  the  bucket.  Figure  2  shows  a  number  of  buckets 
and  several  higher  order  separatrices  above  and  below  the  buckets.  These  separatrices 
divide  phase  space  into  multiple  bends,  ones  an  electron  occupies  a  particular  band  it 
stays  in  that  band  throughout  the  wiggler  provided  the  laser  gain  is  low  and  the  buckets  do 
not  grow  significantly,  idtieh  will  he  true  at  high  intensity,  tinder  these  conditions  the 
number  of  bands  occupied  by  the  electron  beam  is  a  constant  of  the  motion. 
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Fiaure  2.  cipher  order  separatriees  divide  phase  space  into  multiple  bands.  These 
seearatricee  were  obtained  for  a  wiggler  with  a  1  kfl  field  on  axis  and  a  resonant 
ohase  fp  »  -  4.2°.  The  intensity  of  the  1-iwn-wave  length  radiation  field  is  10fl  w/cm2. 

The  bucket  was  defined  as  the  maximum  hound  orbit  of  an  electron.  Fiaher  order 
seoaratrice*  are  obtained  by  continuing  the  bucket  trajectory  beyond  the  unstable  fixed 
point  of  the  bucket.  For  negative  resonant  ohase  anale,  we  determine  the  integration 
constant  k  for  the  bucket  Fouation  (7)  in  the  same  way  as  for  a  positive  resonant  anale,  by 
findincr  the  value  of  K  for  which  P  ■  0  at  the  unstable  fixed  point,  which  for  negative 
resonant  phase  is  f  •  — s  -  F„  in  the  principal  domain  [-«  <♦<*]•  The  bucket  equation  for 
a  neoative  resonant  ancle  then  becomes 

PQ  -yl2  {cos  T  ♦  cos  (T  +  TR  +  *)  sin  fR}  •  “  I  4  V  °  '  (9) 

Fines  a  bucket  is  located  in  every  interval  of  2«  radians  alone  the  T  axis,  we  may 
consider  a  bucket  located  in  the  daeiain  -( l-2m) x  <  f  <  (l+2m)x.  The  continuation  of  the 
trajectory  for  this  bucket  into  the  principal  domain  is  then  referred  to  as  the  m-th  order 
seoaratrix  and  is  given  by 

Pn  mJ^  [«>"  »  ♦  cos  fR  +  (f  ♦  ♦  *  (1-2*) }  sin  »R  ]  :  0  <  m  .  (10) 

Tn  the  principal  domain,  the  higher  order  separatriees  divide  the  Phase  space  above  and 
below  the  bucket  into  multiple  bands.  Fiaure  2  shows  separatriees  up  to  fourth  order. 

nnlv  electrons  in  the  band  between  the  bucket  and  first  order  separtrix  (1st  band)  have 
orbits  that  take  them  directly  around  the  bucket.  Plectrons  in  the  band  between  the  (m-l)th 
and  m-th  seoaratrix  must  pass  by  m-1  buckets  befors  their  trajectories  takes  them  around  a 
bucket  and  reduce  their  energy  below  tha  resonant  snergy.  Those  electrons  in  the  band 
hounded  by  the  highest  order  separatriees  will  recuirs  the  longest  time  to  move  around  a 
bucket .  Figure  3  shows  the  number  of  bands  occupied  by  a  monoenergetie  electron  distribu¬ 
tion  with  an  energy  equal  to  the  resonant  energy  plus  the  bucket  height.  The  number  of 
bands  occupied  is  seen  to  decrease  rapidly  with  decreasing  resonant  phase. 

All  separatriees  Pn  have  a  minimum  at  rR.  Therefore,  for  a  monoeneroetic 

electron  distribution,  electrons  initially  at  this  resonant  phase  will  be  located  in  the 
highest  band.  The  value,  m^,  for  the  highest  band  is  the  lowest  value  of  m  for  which 
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delation  (11)  was  used  to  obtain  the  number  of  occupied  bands  as  a  function  of  resonant 
ohase  in  *iaure  3 . 
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vioure  3.  Number  of  bands  occupied  by  an  initially  monoenergetic  electron  distribution 
tangent  to  the  top  of  tbe  bucket  as  a  function  of  resonant  phase  angle.  The  difference 
between  the  staircase  curves  and  the  curve  for  a  monoenergetic  distribution  represents  the 
number  of  bands  electrons  will  descend  below  the  bucket  in  the  principal  domain  while 
oaaeing  through  the  wiggler.  The  number  of  bands  is  a  function  of  laser  intensity  and 
resonant  angls.  .Steps  represent  transitions  between  bands.  The  intersection  of  the 
staircase  curves  with  the  curve  for  the  number  of  occupied  bands  gives  the  threshold 
resonant  phase  angle.  The  example  is  for  a  3-m-long  1  ko-field  wiggler  producing  1-mm 
radiation  with  a  3-neV  electron  besm. 

bather  than  viewing  the  electron  distribution  as  occupying  several  bands  in  the  principal 
domain,  we  can  view  the  electron  distribution  as  occupying  a  single  band  over  an  extended 
phase  domain  containing  several  buckets.  Zf  the  electrons  occupy  m  bands  in  the  principal 
domain,  the  same  distribution  can  be  represented  as  a  series  of  beamlets  occupying  a  single 
band  over  2«a  radians.  Zn  order  for  all  of  the  electrons  in  a  monoenergetic  distribution  to 
qo  from  an  energy  equal  to  the  resonant  energy  plus  the  bucket  height  to  an  energy  equal  to 
or  less  than  the  resonant  energy,  the  entire  train  of  beamlets  must  move  through  this 
extended  phase  domain.  The  time  required  for  this  to  happen  is  the  time  required  for  the 
beamlst  farthest  from  the  bucket  to  reach  and  mova  around  ths  bucket.  The  energy  spread  at 
this  time  will  ecrual  the  difference  in  energy  between  the  first  and  last  beamlst  in  the 
extended  phase  domain. 

tq  estimate  the  time  required  for  the  electron  distribution  to  move  around  a  bucket  we 
substitute  the  expression  for  in  Equation  (10)  into  Equation  (2)  giving 
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dt 


J2 DA  [eos  T  +  cos  TR  +  {T  ♦  fR  +  x(l-2ra) }  sin  fR ] 
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tnteoratma  (l?)  assumino  rsealiaible  oain  we  obtain 
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''•he  intearation  ia  taken  from  ^  to  «  ■  because  we  wish  to  determine  the  transit 

time  of  the  narticles  in  the  highest  band.  These  oartieles  are  located  around  -*  -  f  in 
the  principal  domain.  All  the  dimensioned  auantities  are  contained  in  the  term  precedina 
the  intearal 
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nv  makinc?  the  substitution  u  «  ?  +  ?p  the  dimensionless  term  becomes 


P  (m,?R)  »  /  du  [cos(u  -  f  )  ♦  cos  f  +  (u  +  *{l-2m)}  sin  ?  ] 


(m  >  1)  .  (15) 


Por  the  bucket  (m  •  0)  we  aet 
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P  (0,T  )  -  /  du  [cos  (u  -  »  )  +  cos  T_  +  (u  +  «)  sin  »  ] 


where  is  the  value  of  f  for  which  9  «  0  for  a  bucket  in  the  interval  [0,  */2] .  Ficrure  4 
shows  P(m,TR)  as  a  function  of  m  for  a  number  of  different  values  of  the  resonant  phase 
anale. 
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Pioure  4.  draph  of  P(m,fR)  as  a  function  of  m  for  different  values  of  f„ 


vh#  tin*  reauired  for  an  alactron  initiallv  located  in  a  hand  between  two  seoaratricea  at 
the  nhase  -*  -  Tp  to  oo  from  its  initial  enerov  to  the  resonant  enerav  is  approximately  the 
same  as  the  time  reouired  for  an  electron  located  on  the  seoaratrix  above  it  to  reach  the 
resonant  enerav.  this  time  is  aiven  bv 

x(m,f  )  -  l  -1 —  F< 3. 

j-1  /JTOT 
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where 


F  (m.f  >  -  l  F(j ,?  ) 

•  "  j-1  " 


the  actual  time  the  electron  beam  interacts  with  the  wiqqler  maanet  is  qiven  bv 

"N, 

-  -?  <19> 

where  »  is  the  number  of  periods  in  the  wiaqler.  In  order  for  the  electron  distribution  to 
move  around  the  bucket  durino  the  time  it  is  in  the  wiqqler  we  must  have 
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WV  <  (21) 

When  tw  -  ,(^.F  ),  (This  equation  was  used  to  obtain  the  staircase  curves  of  Figure  3.) 
electrons  from  the  highest  band  just  succeed  in  reaching  the  resonant  energy.  For  a  given 
laser  intensity  this  condition  provides  a  threshold  value  for  the  resonant  phase  angle 
required  to  utilise  phase  space  displacement  for  reducing  energy  spread.  These  threshold 
values  are  shown  for  three  different  laeer  intensities  in  Figure  3. 

at  intensities  for  which  phase  space  displacement  is  advantageous  for  reducing  energy 
spread,  the  electrons  in  the  highest  band  not  only  decrease  their  energy  to  the  resonant 
enerav,  but  continue  to  move  below  the  backet.  To  estimate  the  energy  spread  produced  in 
the  wioaler  we  mu et  calculate  how  far  below  the  bucket  electrons,  initiallv  in  the  highest 
band,  have  movad  by  the  time  they  reach  the  end  of  the  wiqqler.  since  the  equation  for  the 
seoaratrices  are  symmetric  above  and  below  the  bucket 

t  -  F  <1V.V  +  I  F(j,f  )  (22) 

w  m r  •  "  *  /m  j-1  * 

rv  and  Fa  can  be  determined,  so  equation  (22)  can  be  solved  for  n,  the  number  of  bands, 
electrons.  Initially  in  the  highest  band,  have  descended  below  the  bucket  by  the  time  they 
reach  the  end  of  the  wigqlar.  In  most  cases  Equation  (22)  will  not  be  satisfied  for  an 
integral  value  of  n.  Performing  a  numerical  integration  we  can  determine  the  fraction  of  a 

band  needed  to  satisfy  Fquation  (22). 


■"O  estimate  the  enerov  spread  we  assume  electrons  initially  in  the  first  band  move  down 
the  same  number  of  bands  as  electrons  initially  in  the  hiohest  occupied  band,  nsi na  Faua- 
tion  fl we  can  then  estimate  the  final  eneroies  for  the  hiahest  and  lowest  bands.  the 
values  *or  enerov  spread  obtained  usino  this  hand  model  can  be  compared  with  the  values  for 
enerov  spread  obtained  from  a  multioarticle  simulation  of  an  electron  beam  in  the  wiooler. 
""•his  is  shown  in  piaure  5  for  the  3-m-lona  wiaaler  we  have  been  considerina  with  a  laser 
intensity  of  lh  W/cm  .  agreement  is  reasonably  good  except  at  low  absolute  values  of  the 
resonant  phase,  which  are  below  the  threshold  value  necessary  for  electrons  in  the  hiohest 
band  to  reach  the  resonant  enerov  (see.  Pioure  3).  "Hiere  is  a  oood  deal  of  scatter  in  the 
simulation  results  below  this  threshold  value,  as  would  be  expected,  the  dip  in  the  eneroy 
spread  for  the  hand  model  calculation  between  -9  and  -10  deorees  resonant  phase  results  from 
electrons  in  the  hiohest  band  crossina  from  one  band  to  the  next,  mhe  simulation  is  insen¬ 
sitive  to  this  artifact  of  the  band  model  calculation.  A  similar  comparison  of  energy 

spreads  obtained  from  the  band  model  and  multiparticle  simulations  at  a  laser  intensity  of 
ft  2 

10  w/cm  is  shown  in  Pioure  6.  Aoreement  is  not  as  good  as  in  Pioure  5,  but  demonstrates 
the  same  oualitative  behavior.  Values  for  eneroy  spread  obtained  using  phase  space  dis¬ 
placement  are  compered  with  those  obtained  from  bucket  capture  in  Figure  7.  All  results 
were  obtained  using  a  multipaticle  simulation.  For  the  proper  choice  of  resonant  phase, 
determined  in  Pioure  7  by  the  axial  voltage  gradient,  it  is  possible  to  reduce  the  energy 
spread  significantly  using  phase  space  displacement.  Figure  8  compares  laser  gain  produced 
usino  Phase  space  displacement  with  oain  obtained  by  bucket  capture.  Again  the  results  are 
from  simulation  calculations  in  which  an  axial  electric  field  rather  than  a  wigoler  taper 
was  assumed.  Phase  space  displacement  results  are  shown  only  for  axial  electric  fields  cor¬ 
responding  to  resonant  phases  above  the  threshold  values.  For  the  ranoe  of  values 
calculated,  oain  produced  by  phaae  space  displacement  is  comparable  to  or  greater  than  the 
oain  produced  bv  trapping. 


Pioure  5.  Pnerov  spread  as  a  function  of  Flours  6.  Pnerov  spread  as  a  function  of 

resonant  phase  at  a  laser  intensity  resonant  phase  at  a  laser  intensity 

7  7  8  2 

of  1<3  w/cm'  calculated  usino  both  a  of  10  w/cm  . 

multioarticle  simulation  and  the  band 

model. 


30-i 

EfWfy  Spraad  • 

1%) 


K^W/em^C) 


10,W/em2(C) 


10 4W/em2  (C) 


o  10*W/em2  (p) 
"  x  IQ^W/cm2  <P> 


tO^W/em2  (C) 


\  lO'w/cm^fC) 


4X10*W/em2  (PI  ' 
tO^W/em2  (PI 


IC^Vy/em2  (PI. 


K^W/em^C) 


I.-2QA 


Absolute  Vortsgs  change  (kV). 

Eiaure  7 .  Enerov  spread  as  a  function  of 
absolute  voltaae  change  across  a  3-m 
wiooler  usino  chase  soace  displacement  (P) 
and  bucket  capture  (C)  for  a  number  of 
different  laser  intensities. 
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Figure  8 .  Laser  gain  as  a  function  of 
absolute  voltaae  chance  across  a  3-m 
wiggler  for  phase  space  displacement  (P) 
bucket  capture  (C). 


Conclusions 

We  are  reguired  to  operate  a  long-wavelength  free  electron  laser  at  very  high  intensi- 
fl  2 

ties  (-10  w/cm  )  as  the  first  stage  of  a  two-stage  FPL.  This  produces  a  large  energy 
spread  in  the  wiggler  than  makes  collection  of  the  electron  beam  in  a  electrostatic  accel¬ 
erator  difficult,  to  reduce  this  energy  spread  we  have  investigated  using  phase  space 
displacement  rather  than  bucket  capture  to  optimize  the  laser  gain.  We  have  seen  that 
whereas  decelerating  trapped  electrons  in  phase  soace  buckets  results  in  a  total  electron 
anerov  spread  that  is  larger  than  the  full  bucket  height,  using  phase  space  displacement  the 
energy  spread  could  be  reduced  to  the  order  of  half  the  bucket  heiaht  with  no  significant 
lose  of  gain. 
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